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a b s t r a c t
The aim of this work is to study the nonlinear functional-integral equation
x(t) = f

t, x(t),
∫ t
0
u(t, s, x(a(s)), x(b(s)))ds

, ∀t ∈ R+.
Using the technique of themeasure of noncompactness and theDarbo fixed-point theorem,
we prove the existence and asymptotic stability of solutions for the equation. A nontrivial
example is given to support our result.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
It is well known that integral equations have wide applications in engineering, mechanics, physics, economics,
optimization, vehicular traffic, biology, queuing theory and so on. The theory of integral equations is rapidly developingwith
the help of tools in functional analysis, topology and fixed-point theory (see, for instance, [1–11] and the references therein).
In 2003, Banaś and Rzepka [3,4] investigated the existence and asymptotic stability of solutions for the nonlinear integral
equations
x(t) = f (t, x(t))+
∫ t
0
u(t, s, x(s))ds, ∀t ∈ R+ (1.1)
and
x(t) = f (t, x(t))
∫ t
0
u(t, s, x(s))ds, ∀t ∈ R+, (1.2)
respectively, by utilizing the Darbo fixed-point theorem and the measure of noncompactness defined in [12]. In 2006, Hu
and Yan [7] discussed the existence and asymptotic stability of solutions for the nonlinear integral equations
x(t) = f

t, x(t),
∫ t
0
u(t, s, x(s))ds

, ∀t ∈ R+ (1.3)
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and
x(t) = g(t, x(t))+ x(t)
∫ t
0
u(t, s, x(s))ds, ∀t ∈ R+. (1.4)
However, the argument of the main result of [7] has a serious lacuna, that is, the proof of the existence of solutions for
Eq. (1.3) in [7, Theorem 1] is wrong; see Remark 3.1. In 2009, Banaś and Rzepka [5] studied the existence of solutions for the
nonlinear quadratic Volterra integral equation
x(t) = p(t)+ f (t, x(t))
∫ t
0
v(t, s, x(s))ds, ∀t ∈ R+ (1.5)
by using the Schauder fixed-point theorem and the measure of noncompactness defined in [12]. In 2007, Liu and Kang [9]
discussed the existence and asymptotic stability of solutions for the functional-integral equation
x(t) = f (t, x(t))+ g(t, x(t))
∫ t
0
u(t, s, x(s))ds, ∀t ∈ R+. (1.6)
In 2009, Banaś and Chlebowicz [2] got the solvability of the functional-integral equation
x(t) = f1

t,
∫ t
0
k(t, s)f2(s, x(s))ds

, ∀t ∈ R+ (1.7)
in the space of Lebesgue integrable functions on R+.
Inspired and motivated by recent research going on in this fascinating and interesting field, in this work, we introduce
and study the more general nonlinear functional-integral equation
x(t) = f

t, x(t),
∫ t
0
u(t, s, x(a(s)), x(b(s)))ds

, ∀t ∈ R+, (1.8)
where the functions a = a(t), b = b(t), u = u(t, s, v, w) and f = f (t, y, z) appearing in (1.8) are given, while x = x(t)
is an unknown function. It is clear that Eq. (1.8) includes Eqs. (1.1)–(1.7) as special cases. Utilizing the Darbo fixed-point
theoremassociatedwith themeasure of noncompactness defined in [12], we establish the existence and asymptotic stability
of solutions for Eq. (1.8) under some conditions. The result presented in this work extends substantially Theorem 2 of [3],
Theorem3 of [4], Theorem2 of [7], and Theorem3.1 of [9], and improves andmodifies Theorem1 of [7]. A nontrivial example
illustrating our result is also given.
2. Preliminaries
In this section, we give a collection of auxiliary facts which will be needed further on. Let R = (−∞,∞) and
R+ = [0,∞). Assume that (E, ‖ · ‖) is an infinite dimensional Banach space with zero element θ and Br stands for the
closed ball centered at θ and with radius r . Let B(E) denote the family of all nonempty bounded subsets of E and µ be a
measure of noncompactness of B(E).
The Darbo fixed-point theorem is as follows.
Theorem 2.1 ([13]). Let D be a nonempty bounded closed convex subset of the space E and let h : D → D be a continuous
operator such that µ(hA) ≤ kµ(A) for each nonempty subset A of D, where k ∈ [0, 1) is a constant. Then h has at least one fixed
point in D.
Let BC(R+) denote the Banach space of all bounded and continuous functions x : R+ → R equipped with the standard
norm
‖x‖ = sup{|x(t)| : t ∈ R+}.
For any nonempty bounded subset X of BC(R+), x ∈ X, t ∈ R+, T > 0 and ε ≥ 0, define
ωT (x, ε) = sup{|x(p)− x(q)| : p, q ∈ [0, T ]with |p− q| ≤ ε},
ωT (X, ε) = sup{ωT (x, ε) : x ∈ X}, ωT0 (X) = lim
ε→0ω
T (X, ε),
ω0(X) = lim
T→+∞ω
T
0 (X), X(t) = {x(t) : x ∈ X},
diam X(t) = sup{|x(t)− y(t)| : x, y ∈ X} and
µ(X) = ω0(X)+ lim sup
t→+∞
diam X(t).
It can be shown that the mapping µ is a measure of noncompactness in the space BC(R+) [2].
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Definition 2.1. Solutions of Eq. (1.8) are said to be asymptotically stable if there exists a ball Br in the space BC(R+) such
that for any ε > 0, there exists T > 0 with
|x(t)− y(t)| ≤ ε
for all solutions x(t), y(t) ∈ Br of Eq. (1.8) and any t ≥ T .
It is clear that the concept of asymptotic stability of solutions is equivalent to the concept of uniform local attractivity [5].
3. Main result
Now we make the following assumptions.
(a) f : R+ × R2 → R and u : R2+ × R2 → R are continuous, f (t, 0, 0) ∈ BC(R+) and f¯ = sup{|f (t, 0, 0)| : t ∈ R+};
(b) there exist continuous functionsm1,m2, a and b : R+ → R+ and positive constants r,M,M0 andM1 satisfying
|f (t, v, w)− f (t, p, q)| ≤ m1(t)|v − p| +m2(t)|w − q|, ∀t ∈ R+, v, p ∈ [−r, r], w, q ∈ [−M,M], (3.1)
where
sup
∫ t
0
u(t, s, y(a(s)), y(b(s)))ds : t ∈ R+, y ∈ Br ≤ M, (3.2)
sup

m2(t)
∫ t
0
u(t, s, y(a(s)), y(b(s)))ds : t ∈ R+, y ∈ Br ≤ M0, (3.3)
sup{m1(t) : t ∈ R+} ≤ M1 < 1, M0 + f¯ ≤ r(1−M1), (3.4)
lim
t→+∞

sup

m2(t)
∫ t
0
u(t, s, y(a(s)), z(b(s)))− u(t, s, y(a(s)), z(b(s)))ds : y, z ∈ Br = 0. (3.5)
Theorem 3.1. Under Assumptions (a) and (b) , Eq. (1.8) has at least one solution x = x(t) ∈ Br . Moreover, solutions of (1.8) are
asymptotically stable.
Proof. Let us fix a function x ∈ Br and define
(Fx)(t) = f

t, x(t),
∫ t
0
u(t, s, x(a(s)), x(b(s)))ds

, ∀t ∈ R+. (3.6)
In view of Assumptions (a) and (b), we get that Fx is continuous on R+ and that
|(Fx)(t)| ≤
f

t, x(t),
∫ t
0
u(t, s, x(a(s)), x(b(s)))ds

− f (t, 0, 0)
+ |f (t, 0, 0)|
≤ m1(t)|x(t)| +m2(t)
∫ t
0
u(t, s, x(a(s)), x(b(s)))ds
+ f¯
≤ M1r +M0 + f¯
≤ r, ∀t ∈ R+,
which implies that Fx is bounded on R+ and that the operator F transforms the ball Br into itself.
Now we prove that F is continuous on the ball Br . It follows from (3.5) that for each ε > 0, there exists T > 0 satisfying
sup

m2(t)
∫ t
0
u(t, s, y(a(s)), y(b(s)))− u(t, s, z(a(s)), z(b(s)))ds : y, z ∈ Br < ε3+ 2M1 , ∀t ≥ T . (3.7)
PutM2 = max{m2(t) : t ∈ [0, T ]} and
ωT (u, δ, r) = sup|u(t, s, v, w)− u(t, s, p, q)| : t, s ∈ [0, T ], v, w, p, q ∈ [−r, r]with
|v − p| ≤ δ, |w − q| ≤ δ, ∀δ ≥ 0.
Notice that u is continuous on [0, T ]2 × [−r, r]2, that is, it is uniformly continuous. It follows that
lim
δ→0ω
T (u, δ, r) = 0,
which implies that there exists δ1 ∈

0, ε3+2M1

satisfying
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ωT (u, δ, r) <
ε
3+ 2TM2 , ∀δ ∈ (0, δ1]. (3.8)
Let x, x0 ∈ Br with ‖x− x0‖ ≤ δ1. By virtue of (3.1), (3.7) and (3.8), we infer that for any t ∈ R+
|(Fx)(t)− (Fx0)(t)| =
f

t, x(t),
∫ t
0
u(t, s, x(a(s)), x(b(s)))ds

− f

t, x0(t),
∫ t
0
u(t, s, x0(a(s)), x0(b(s)))ds

≤ m1(t)|x(t)− x0(t)| +m2(t)
∫ t
0
u(t, s, x(a(s)), x(b(s)))− u(t, s, x0(a(s)), x0(b(s)))ds
≤ M1‖x− x0‖ +max

sup
t>T
sup

m2(t)
∫ t
0
u(t, s, z(a(s)), z(b(s)))
− u(t, s, y(a(s)), y(b(s)))ds : z, y ∈ Br , ‖z − y‖ ≤ δ1,
sup
t∈[0,T ]
sup

m2(t)
∫ t
0
u(t, s, z(a(s)), z(b(s)))
− u(t, s, y(a(s)), y(b(s)))ds : z, y ∈ Br , ‖z − y‖ ≤ δ1
≤ M1δ1 +max

ε
3+ 2M1 , supt∈[0,T ]

m2(t)
∫ t
0
ωT (u, δ1, r)ds

≤ M1ε
3+ 2M1 +max

ε
3+ 2M1 ,
TM2ε
3+ 2TM2

< ε,
which yields that
‖Fx− Fx0‖ ≤ ε,
that is, F is continuous at each point x0 ∈ Br .
Let X be a nonempty subset of Br . We now assert that
µ(FX) ≤ M1µ(X). (3.9)
Indeed, by virtue of (3.6) and Assumptions (a) and (b), we deduce that
|(Fx)(t)− (Fy)(t)| =
f

t, x(t),
∫ t
0
u(t, s, x(a(s)), x(b(s)))ds

− f

t, y(t),
∫ t
0
u(t, s, y(a(s)), y(b(s)))ds

≤ m1(t)|x(t)− y(t)| +m2(t)
∫ t
0
u(t, s, x(a(s)), x(b(s)))− u(t, s, y(a(s)), y(b(s)))ds
≤ M1|x(t)− y(t)| + sup

m2(t)
∫ t
0
u(t, s, w(a(s)), w(b(s)))
− u(t, s, v(a(s)), v(b(s)))ds : w, v ∈ Br, ∀x, y ∈ X, t ∈ R+,
which gives that
diam (FX)(t) ≤ M1diam X(t)+ sup

m2(t)
∫ t
0
u(t, s, w(a(s)), w(b(s)))
− u(t, s, v(a(s)), v(b(s)))ds : w, v ∈ Br, ∀t ∈ R+,
which together with (3.5) means that
Z. Liu et al. / Applied Mathematics Letters 24 (2011) 911–917 915
lim sup
t→+∞
diam (FX)(t) ≤ M1 lim sup
t→+∞
diam X(t). (3.10)
For any T > 0, ε > 0, x ∈ X and t, s ∈ [0, T ]with |t − s| ≤ ε, by (3.6) and Assumptions (a) and (b), we arrive at
|(Fx)(t)− (Fx)(s)| ≤
f

t, x(t),
∫ t
0
u(t, τ , x(a(τ )), x(b(τ )))dτ

− f

t, x(s),
∫ s
0
u(s, τ , x(a(τ )), x(b(τ )))dτ

+
f

t, x(s),
∫ s
0
u(s, τ , x(a(τ )), x(b(τ )))dτ

− f

s, x(s),
∫ s
0
u(s, τ , x(a(τ )), x(b(τ )))dτ

≤ m1(t)|x(t)− x(s)| +m2(t)
∫ t
0
u(t, τ , x(a(τ )), x(b(τ )))dτ −
∫ s
0
u(s, τ , x(a(τ )), x(b(τ )))dτ

+ sup|f (p, v, w)− f (q, v, w)| : p, q ∈ [0, T ], |p− q| ≤ ε, v ∈ [−r, r], w ∈ [−M,M]
≤ M1ωT (x, ε)+M2
∫ t
s
u(t, τ , x(a(τ )), x(b(τ )))dτ 
+M2
∫ s
0
u(t, τ , x(a(τ )), x(b(τ )))− u(s, τ , x(a(τ )), x(b(τ )))dτ + ωTr (f , ε,M)
≤ M1ωT (x, ε)+ εM2 sup
|u(p, q, v, w)| : p, q ∈ [0, T ], v, w ∈ [−r, r]
+ TM2 sup
|u(p, τ , v, w)− u(q, τ , v, w)| : p, q, τ ∈ [0, T ], |p− q| ≤ ε, v,w ∈ [−r, r]
+ωTr (f , ε,M)
≤ M1ωT (x, ε)+ εM2uTr + TM2ωTr (u, ε)+ ωTr (f , ε,M),
where
uTr = sup
|u(p, q, v, w)| : p, q ∈ [0, T ], v, w ∈ [−r, r],
ωTr (u, ε) = sup
|u(p, τ , v, w)− u(q, τ , v, w)| : p, q, τ ∈ [0, T ], |p− q| ≤ ε, v,w ∈ [−r, r],
ωTr (f , ε,M) = sup
|f (p, v, w)− f (q, v, w)| : p, q ∈ [0, T ], |p− q| ≤ ε, v ∈ [−r, r], w ∈ [−M,M].
That is,
ωT (Fx, ε) ≤ M1ωT (x, ε)+ εM2uTr + TM2ωTr (u, ε)+ ωTr (f , ε,M), ∀T > 0, ε > 0, x ∈ X . (3.11)
It follows from Assumption (a) that the functions f = f (t, v, w) and u = u(t, s, v, w) are uniformly continuous on the sets
[0, T ] × [−r, r] × [−M,M] and [0, T ]2 × [−r, r]2, respectively. Consequently, we infer immediately that
lim
ε→0ω
T
r (u, ε) = lim
ε→0ω
T
r (f , ε,M) = 0. (3.12)
Combining (3.11) and (3.12), we deduce that
ωT0 (FX) ≤ M1ωT0 (X),
which together with (3.10) gives (3.9). It follows from Theorem 2.1 that F has at least one fixed point x = x(t) ∈ Br , that is,
Eq. (1.8) has at least one solution x = x(t) ∈ Br .
Finally, we show that solutions of Eq. (1.8) are asymptotically stable. It follows from (3.5) that for given ε > 0, there
exists T > 0 such that
sup

m2(t)
∫ t
0
u(t, s, v(a(s)), v(b(s)))− u(t, s, w(a(s)), w(b(s)))ds : v,w ∈ Br < ε(1−M1), ∀t ≥ T . (3.13)
Therefore, for any solutions z = z(t), y = y(t) of Eq. (1.8) in Br , in view of (3.1), (3.4), (3.6) and (3.13), we get that
|z(t)− y(t)| = |(Fz)(t)− (Fy)(t)|
=
f

t, z(t),
∫ t
0
u(t, τ , z(a(τ )), z(b(τ )))dτ

− f

t, y(t),
∫ t
0
u(t, τ , y(a(τ )), y(b(τ )))dτ

≤ m1(t)|z(t)− y(t)| +m2(t)
∫ t
0
u(t, τ , z(a(τ )), z(b(τ )))− u(t, τ , y(a(τ )), y(b(τ )))dτ
≤ M1|z(t)− y(t)|
916 Z. Liu et al. / Applied Mathematics Letters 24 (2011) 911–917
+ sup

m2(t)
∫ t
0
u(t, τ , v(a(τ )), v(b(τ )))− u(t, τ , w(a(τ )), w(b(τ )))dτ : v,w ∈ Br
< M1|z(t)− y(t)| + ε(1−M1), ∀t ≥ T ,
which yields that
|z(t)− y(t)| < ε, ∀t ≥ T .
Hence solutions of Eq. (1.8) are asymptotically stable. This completes the proof. 
Remark 3.1. Wewould like to point out that the proof of Theorem1of [7] is not true. Using the notation of [7], the authors [7]
claimed that the conclusion
F(Br) ⊂ Br (3.14)
holds, where
r = A
1− k , A = sup

m2(t)
∫ t
0
u(t, s, x(s))ds+ |f (t, 0, 0)| : t ∈ R+ ∈ R+, (3.15)
k is a constant in [0, 1) and
(Fx)(t) = f

t, x(t),
∫ t
0
u(t, s, x(s))ds

, ∀t ∈ R+. (3.16)
In fact, (3.15) means that A and r depend on x = x(t) ∈ BC(R+), that is, the mapping F defined by (3.16) does not map the
ball Br into itself. Hence (3.14) does not hold.
Remark 3.2. Theorem 3.1 extends Theorem 2 of [3], Theorem 3 of [4], Theorem 2 of [7] and Theorem 3.1 of [9], andmodifies
Theorem 1 of [7]. The example below reveals that Theorem 3.1 virtually generalizes the corresponding results of [3,4,7,9].
Example 3.1. Consider the following nonlinear functional-integral equation:
x(t) = 1
96+ t3 +
tx3(t)
16+ 4t2 +
x2(t) cos5(3t2)
16+ ln(1+ t2)
∫ t
0
s2 sin

ts3x5(s cos2 s)− x4(s3)
1+ t6 + tx2(s3) ds, ∀t ∈ R+. (3.17)
Put
f (t, v, w) = 1
96+ t3 +
tv3
16+ 4t2 +
v2 cos5(3t2)
16+ ln(1+ t2)w,
u(t, s, v, z) = s
2 sin

ts3v5 − z4
1+ t6 + tz2 , a(t) = t cos
2 t, b(t) = t3, ∀t, s ∈ R+, v, w, z ∈ R.
SetM = 1, f¯ = 196 and define a function h : R+ → R+ by
h(t) = 18t3 + 6(1+ 2M)t2 − 96t + 1, ∀t ∈ R+.
Since h(1)h(2) < 0, it follows that the continuous function h has a root r ∈ (1, 2). Let
m1(t) = 3r
2t
16+ 4t2 +
2rM
16+ ln(1+ t2) , m2(t) =
r2
16+ ln(1+ t2) , ∀t ∈ R+,
M0 = r
2
16
, M1 = 3r
2 + 2rM
16
.
It is clear that Assumption (a) andM1 < 1 hold. Note that
|f (t, v, w)− f (t, p, q)| ≤ t
16+ 4t2 |v
3 − p3| + 1
16+ ln(1+ t2) |v
2w − p2q|
≤ m1(t)|v − p| +m2(t)|w − q|, ∀t ∈ R+, v, p ∈ [−r, r], w, q ∈ [−M,M];
sup

m2(t)
∫ t
0
u(t, s, z(a(s)), z(b(s)))− u(t, s, y(a(s)), y(b(s)))ds : z, y ∈ Br
≤ 2r
2t3(1+ r2t + t6)
(48+ 3 ln(1+ t2))(1+ t6)2 → 0 as t →+∞;
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sup

m2(t)
∫ t
0
u(t, s, y(a(s)), y(b(s)))ds : t ∈ R+, y ∈ Br
≤ sup

r2
16+ ln(1+ t2)
∫ t
0
s2ds
1+ t6 : t ∈ R+

<
r2
96
< M0;
sup
∫ t
0
u(t, s, y(a(s)), y(b(s)))ds : t ∈ R+, y ∈ Br
≤ sup
∫ t
0
s2ds
1+ t6 : t ∈ R+

≤ 1
6
< M
and
h(r) = 0 H⇒ M0 + f¯ = r(1−M1),
that is, (3.1)–(3.5) are fulfilled. It follows from Theorem 3.1 that Eq. (3.17) has at least one solution x = x(t) ∈ Br and
solutions of Eq. (3.17) are asymptotically stable. However Theorem 2 of [3], Theorem 3 of [4], Theorem 2 of [7] and Theorem
3.1 of [9] are inapplicable for Eq. (3.17).
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